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We construct a Hilbert space representation of minimum-length deformed uncertainty relation in 
presence of extra dimensions. Following this construction, we study corrections to the gravitational 
potential (back reaction on gravity) with the use of correspondingly modified propagator in presence 
of two (spatial) extra dimensions. Interestingly enough, for r — y the gravitational force approaches 
zero and the horizon for modified Schwarzschild-Tangherlini space-time disappears when the mass 
approaches quantum- gravity energy scale. This result points out to the existence of zero-temperature 
black hole remnants in ADD brane-world model. 
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I. INTRODUCTION 

String theory has inspired a number of ideas which, 
have had a significant impact on particle physics model 
building and quantum gravity phenomenology [lj-Q . One 
of the interesting predictions of string theory is that 
several extra dimensions must exist. Using the idea of 
large extra dimensions, Arkani-Hamed, Dimopoulos, and 
Dvali (ADD) suggested a phenomenological brane-world 
scenario for unifying the elementary particle forces with 
gravity near the electroweak energy scale [1, [B[ . String 
theory, suggesting an unified description of gravity and 
elementary particles, becomes usually relevant only at 
very short distances - of the order of Planck length 
lp ~ 10~ 33 cm while ADD model opens the door 
for detecting some of the string theory ideas at distances 
comparable to the ~ 10 ~ 17 cm Q- 

The other idea inspired by the string theory that re- 
ceived appreciable attention for studying the quantum 
gravity effects is the minimum-length deformed position- 
momentum uncertainty relation jg, ITo| 



SXSP > - + ftG N SP 2 



(1) 



where ft is a numerical factor of order unity and Gat is 
the Newtonian coupling (from the very outset we assume 
c = 1). A profound feature of Eq.([T]) is that it exhibits a 
lower bound on the position uncertainty of the order of 
lp = \/hG~N. Apart from the string theory, the Eq.flJ 
has a strong motivation from the black hole physics [111 
Il2j . Let us notice that the concept of minimum length in 
quantum gravity [l3l4l5l | also hints at the modification of 
position-momentum uncertainty relation in such a way 
as to have the lower bound on position uncertainty. 

In what follows we will define both ingredients the 
brane-world and the minimum-length deformed position- 
momentum uncertainty relation in a purely phenomeno- 
logical framework. 



In ADD model @, i] the extra dimensions are com- 
pactified on n-torus. Matter fields are localized on the 
3 dimensional surface referred to as a (mem)brane and 
gravity is allowed to live in the whole space. The rela- 
tion between the four and higher dimensional Newtonian 
couplings is 



Volume of extra space x Gjv = Gjv 
Thus, the quantum gravity energy scale 



E; 



^(n+l)/(n+2) G -l/(n+2) 



can be lowered at the expense of the volume of extra 
space. In such a scenario gravity becomes strong at the 
energy scale Ep. Roughly, the gravitational potential on 
the ADD brane behaves as 



V(r) 



-G 



-(1+n) 



if 
if 



< le. 
> h 
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where l ex denotes the size of extra dimensions. In what 
follows we will restrict ourselves to this semi-qualitative 
picture. The results obtained below are immediately ap- 
plicable to the ADD model whenever the characteristic 
length scale of the process under consideration is <C l ex . 

The ultimate goal of the present paper is to estimate 
the back-reaction on gravity due to minimum-length de- 
formed quantum mechanics in presence of extra spatial 
dimensions and see how the Schwarzschild-Tangherlini 
space-time gets modified. 



II. DEFORMED QUANTUM MECHANICS IN 
4 + n DIMENSIONAL SPACE-TIME 

On dimensional grounds one can consider various grav- 
itational corrections to the Heisenberg uncertainty rela- 
tion that results in the lower bound on position uncer- 
tainty (c = 1, that is, [h] =g-cm, [Gjv] =cm Tl+1 /g) 
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5X6P > - + f3h^- 1 ^ a G 1 I l a{n+1) SP^ +2 ^ ain+1 ^ , 



Thus we arrive at Eq.@; somewhat similar argument 
was used in [20l | for deriving this equation. 



where j3 is a numerical factor of order unity. In order to 
have a lower bound on position uncertainty, one should 
require 



a < 



1 



On the other hand, it to be possible to switch off quan- 
tum mechanics h — > 0, one has to require a > 1. The 
choice a — 1 is unique in that in this case the correction 
does not depend on h and therefore survives even when 
h — > 0. By taking this specific choice one arrives at Eq.([T]) 
in absence of extra dimensions. So, the generalization of 
Eq.([T]) to the higher dimensional space takes the form 



III. HILBERT SPACE REPRESENTATION OF 
UNCERTAINTY RELATION © 

Here we closely follow the paper [2l|. To find a con- 
crete representation of X, P operators that follow from 
uncertainty relation ©; we define (5_p(™+ 2 )/ (n + 1 ) as 



71 + 2 

sp—i 



p 



{P)l m 



which implies that 



n+2 \ „ +2 

p — \ > sp— 



SXSP > - 
- 2 



+ f3G" +1 5P 



•-■2 
: + i 



(2) 



(from now on we will adopt system of units K = c = 1). 
The correction term in Eq.((T]) makes sense even when 



SP > G 



-1/2 
N 



In this case it is motivated by the fact that 



in high center of mass energy scattering, -y^s > Gjy 1 ^ 2 , 
the production of black holes dominates all perturbative 
processes [H, [TtJ , thus limiting the ability to probe short 
distances. (It is important to notice that at high energies, 
\[s ^> G N , the black hole production is increasingly a 
long-distance, semi-classical process). To make the point 
clearer, the refined measurement of particle's position re- 
quires large energy transfer during a scattering process 
used for the measurement. But when the gravitational 
radius associated with this energy transfer ~ Gn\J~s be- 
comes grater than the impact parameter, the black hole 
will form and what one can say about the particle's posi- 
tion is that it was somewhere within the region ~ Gn^/s- 
The gravitational radius of the black hole formed in the 
scattering process grows with energy as r g ~ Gn\^s de- 
termining therefore high energy behavior of the position 
uncertainty. 

Similar reasoning is valid in higher-dimensional case 
as well. The 4 + n dimensional spherically symmet- 
ric gravitational field is described by the Schwarzschild- 
Tangherlini solution [H, HU 



ds 2 = 



r 



dt 1 - 



n+l 



dr 2 - r 2 dn 2 n+2 , (3) 



where d£l 2 n +2 is a line element of a 2 + n dimensional unit 
sphere and the gravitational radius reads 



Tgim) = (GArm)"+ 1 



16tt 



(n + 2)Vol (5 n + 2 ) 



(4) 



Thus, the deformed QM that follows from Eq.@ takes 
the form 



X,P 



= i 1 



A 1 



1 „ + 2 



(5) 



(numerical factors of order unity are absorbed in f3). 

A particular representation of X, P operators for a 
multidimensional generalization of Eq.([S]) 



Xi, Xj — , Pi, Pj — , 



X t , Pj 



i{B(j 



P 2 5„ + Q P 2 ) P t P 



B ,} , (6) 



can be constructed in terms of the standard x, p opera- 
tors as 



*i = $ = igj[ > p 3 = Pit (P 2 ) = PA (P 2 ) • (7) 
The simplest ansatz would be to take 



e = 



thus from Eqs.([51[7]) we get 



'|"M(p 2 )-M(p 2 )|t)^(p) 

%£(p 2 ) + 2p iPj ^l | rip) 



(z (p 2 e) % + 2/3 




^ V(p) , 



that is, 
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IV. IMPRINTS ON FIELD THEORY 



d^P 2 
dp 2 

HP 2 ) 



3_ 
+ 1 s 



1 



pn+l 

2/3 



Simplifying our notations by replacing 



-(™+i) 



2/3 



n + 2 N 

the above constructed representation takes the form 



(8) 



-(n+l) 



or in the eigen-representation of operator p 



(9) 



d_ 

dpi 



n + 2 \ "(n+l) 
Pj = Pj [l - Pp^ + 1 



(10) 



with the scalar product 



For simplicity let us consider a neutral scalar field. The 
modified field theory takes the form 



A[<P] = - / d 



<Pd?<P + <PP 2 <P + m 2 <P 2 



that results in the equation of motion 



d 2 + P 2 + to 2 ) <P = . 



(11) 



(12) 



Substituting a plane wave solution oc exp (i[px — e p t\) in 
Eq. dl^)) . one finds the dispersion relation 



r 2 = P 2 + m 2 



„ +2 \2(n+l) 
1 - f3p" + 1 



+ m 



J2(i+n)p n p 2{n+1) + 



(13) 



n=0 



In order to express p in terms of P one has to solve the 
equation 



(V'iIV^) 



d 3+n P ri(p)Mp) 



p (2+n)/(n+l) < p-1 



In the case n = one recovers the result of [2l| . 

Let us notice that the cutoff p( 2 + n )/(«+ 1 ) < /3" 1 
arises merely from the fact that when p runs over the 
region p < | 5 _ ( n + 1 )/(»+ 2 ) ) P covers the whole region 
from to oo; see Eqs.dHl [TUJ) . It might be instructive to 
look at this cutoff from the standpoint of Fourier trans- 
form. The standard uncertainty relation can be under- 
stood on the basis of Fourier transform since the spatial 
and momentum wave functions are related through it. 
The Fourier transform has the property that the more 
tightly localized the spatial wave function is, the less 
tightly localized the momentum function must be; and 
vice versa. Consequently, for in the minimum-length de- 
formed quantum theory the momentum wave function 
can not spread beyond the region ~ ( 0-( n + 1 )/(™+ 2 ) ; the 
spatial wave function can not be localized beneath the 
region - /?(™+i)/(n+ 2 ). 



i± 2\2(»+l) ' 

•+1 



P 2 = 

(l-pp 

for p and substitute it in 

p = P [l - (3p^ (P) 



n+l 



The cut-off p < /3-(i+»)/(2+") rea dily indicates that the 
wave-length 



A = 



2?r 
pJP) ' 



is bounded from below A > 2tt (3( 1+n ^ ( 2+n ' ) no matter 
what the value of P is. 

The field operator takes the form 



d 3+n 



(2+n)/(l + n) <( g-l 



^(27r) 3 +"2e F 



i(px-e p i) 



o(p) 



-i(px- 



} a + (p) 



(14) 
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where 



, / „ 2 +n \2("+l) 



From Eas. ([mfT4)) one gets 



is now imposed by the smeared-out delta function. 
Roughly, this means that 27(x) and <?(y) operators do 
not commute for |x — y| < /3( 1 +")/( 2 + Tl ). Let us notice 
that quantum field theories with a minimal length scale 
have also been studied in |22j |. and they were shown in 
[23l | to yield a modification of the equal time commuta- 
tion relation very similar to the one found here. 



H = ~ I d 3+r -x 



n 2 + <£P 2 <Z> + m 2 <Z> 2 



J d 3+n p [ + (p)a(p) + a(p)a+ (p)] 



p (2+n)/(l+n) <| g-l 

The field quantization condition 
[iT(x), *(y)] = -t / d 3+r 



ip(x-y) 



p(2+n)/(l+n) </ g-l 



(27T) 



3+n 



V. BACK REACTION ON GRAVITY AND 
BLACK HOLE REMNANTS 



The corrected potential (calculated by the modified 
propagator with respect to Eq. tfTB")) ) 



V(r) = 



Vol (S 



n+2\ 



d 3+n k 



1 



(3k 



2(n+l) 



Vol (S n+2 ) 



d 3+n k 



(2ir) 3 + n J ™ '" V/fcV^+i) ^'7 (27r) 3 +™ 

fe(2 + ")/(" + l) < / g — 1 fe(2+n)/(n+l) < 0-1 

2(n + + (n + l)(2n+l)/3 2 fc 2 /(" +1 ) + ... - 2(n + l)/3 2 " +1 fc( 2n2 + 3 "'/(" +1 ) + ^2(n+l) fc 2(„+i) 



1 

jfe 5 ~ 

e ikr , (15) 



I 

results in the modified Schwarzschild-Tangherlini space- From now on we will consider a specific case n = 2. In 
time this case 



ds 2 = [1 - r n + l V{r)} dt 2 - 

[1 - r^Vir)]- 1 dr 2 - ^0^,(16) 
where r ff is given by Eq.(j4]). 



2tt 



(17) 



For n = 2, the Eq. lfTBl takes the form (see Appendix) 



V(r) 



dk(k 2 - 6k w/3 + 15fc 14/3 - 20A: 6 + 15fc 22/3 - 6fc 26/3 + k 1 



3tt/3 9 / 4 
o 

(k = k(3 3 ' i 1 r = r(3 3 / 4 ^j with the asymptotic behavior (see Eq.flM]) in the Appendix) 
2 



sin(fcf) cos(fcf) 



(kf) 3 (fcf) 2 



V 



(r</3 3 



3/4 \ _ 



2 4 6 

, M 0.00295112 + 0.0000393787-!— + 3.0709 x 10~ 7 ^- + 1.65633 x 10~ 9 

37T"/j ' P P P 



.(18) 



r 



The equation for the gravitational radius now reads 



(19) 
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FIG. 1: The graphic of the function 1.5irV(r)\ on the hori- 
zontal axis r is measured in units of /3 3 ^ 4 . 

where V(r) = f3 9 ^ 4: V(r). Observing that V(r) is a mono- 
tonically decreasing function, see Fig.l, with its maxi- 
mum V(0) = 0.00196741/7T, one infers that the solution 
of Eq. (IT9")) approaches zero when the black hole mass ap- 
proaches 



7T 2 /3 9 / 4 



^remnant — 



0.00295112 x 



W N 



2 9 / 4 x 0.00295112 ' 
(20) 

where we have used Eqs. fTTl [5]). That is, in the last ex- 
pression of Eq. (|20p /3 is a dimensionless parameter of or- 
der unity. Thus, when black hole evaporates to the mass, 
'm-remnant, the horizon disappears. For masses smaller 
than m remnant , the Eq. p^l) does not have any solution. 

Recalling that Hawking temperature is proportional 
to the surface gravity, one infers that black hole emission 
temperature approaches zero when black hole evaporates 
down to the m remnan t (we use Eq . (fT51) ) 



T H (m r 



t) oc 



dV(r) 



dr 



= 



(21) 



r=0 



VI. DISCUSSION 

We have constructed the Hilbert space representa- 
tion for a higher-dimensional minimum-length deformed 
position-momentum uncertainty relation, which was orig- 
inally suggested in [20j . In absence of extra dimensions 
one recovers well known example studied in (2lj |. 

The minimum-length deformed quantum mechanics 
implies corrections for the both sides of the Einstein 
equation 



9nvR 



(22) 



The energy-momentum tensor of the matter fields is now 
understood to be modified with respect to the minimum- 
length deformed field theory (modifications arise both 



at first- and second-quantization levels, for details see 
[29l H3|). It is hard to imagine what might be the 
analogue of the minimum-length deformed field theory 
for the gravitational field, to figure out the correspond- 
ing corrections to the right-hand side of Eq.([2"2"j). Nev- 
ertheless, one might proceed with a semi-classical de- 
scription; the disturbance (graviton field) can be sepa- 
rated off from the background space-time for which the 
minimum-length deformed field formalism can be applied 
immediately. Let us notice that this kind of approach is 
most strai ght forward for formulating a quantum theory 
of gravity [3l| (in this paper, the expansion of the grav- 
itational field around the flat space-time was used that 
allows one to view gravity as QFT for self-interacting 
spin- 2 field). It is also worth noticing that despite the 
non-renormalizability, the method of expansion of the 
gravitational field around the fixed background enables to 
make meaningful predictions for graviton radiative cor- 
rections in the framework of an effective field theory ap- 
proach [32|-[37j]. 

Two sources of the corrections to the Newtonian po- 
tential can be identified. The first concerns the exis- 
tence of maximally localized states in the framework of 
minimum-length deformed quantum mechanics that nat- 
urally replaces the delta-function distribution for a point- 
like particle and alters the Poisson equation (see [IH). 
Correspondingly, one can take some sort of smeared- 
out delta function instead of delta-function distribution, 
which describes the point-like source and find its gravita- 
tional field to get some idea about the minimum-length 
modified black holes (3§E|. 



Another source altering the Newtonian potential is the 
modified dispersion relation that enters the propagator 
and thus provides corrections to the right-hand side of 
Eq. ([22"]) (in the linearized theory). Following this way, 
as in the four-dimensional case [38| , the modified gravity 
shows up the following interesting features, gravitational 
force vanishes when r — > (see Ea. ([T8|) ): the horizon 
disappears when the black hole evaporates down to the 
Planck mass (see Eqs. dTOl |2"0")) ) and the corresponding 
Hawking temperature vanishes (see Eo. (|2"Tj) '). 

The question of black hole remnants in the framework 
of generalized uncertainty relation was first addressed in 
a heuristic way in [42j . It was observed that the temper- 
ature of black hole radiation obtained heuristically from 
the generalized uncertainty relation becomes imaginary 
when the black hole mass drops below the Planck scale 
(that was interpreted as the reason for ceasing the emis- 
sion). Following this paper, the extra-dimensional (and 
braneworld) corrections to the black hole radiation due 
to Eq.fflhave been studied in many papers; see some of 
them: [431 - I521 ]. 

Finally let us note that the above constructed represen- 
tation for minimum-length deformed quantum mechan- 
ics in presence of extra dimensions can be used for esti- 
mating corrections to various quantities and processes in 
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braneworld scenario 153-5 
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To estimate the integral 



/ 



d 3+n k 



J_ _ 2 ( n + 1 |f + (n + l)(2n+l)/? 2 fc 2 /(" +1 ) + .. 

£2 V ,y ' 



^2(n+l) fc 2(n+l) 



k (2 + n )/( n +l) </3 -l 



(23) 



let us choose the axis x^+ n along k and introduce spherical coordinates in the momentum space 



ri+l 



rt+1 



n+1 



k\ — k sin ip J^J sin 6j , k-i — k cos tp J^J sin dj , ki + 2 = k cos 9i JJ^ sin 9j , k^ +n = fccos#„ + i , 



where i = l,...,n ; fc > , < <p < 2ir , < #j < 7r. Thus, we get kr = kxs+ n cos 9 n +i , d 3+n k 



n+l 



k 2+n dk dip Y[ sm J 0j dOj , and the integral (|23l) reduces to 



i g-(l+n)/(2+n) 

Vol / dk (k n - 2(n + l) /3 A;(" 2 + 2 "+ 2 )/("+ 1 ) + (n + l)(2n + l)02jfc(» a +3n+4)/(n+l) + 



2(n + l)/3 2 " +1 fc( 3 " 2+6 "+ 2 )/(" +1 ) + 0n+l) k 3n+^ j Mn+i sia n+l en+ie ik X3+n cose n+1 



In the specific case n = 2 we get the following expression. 
Denoting cos O3 = t one finds 



7T 1 

/" d6> 3 sm 3 8 3 e lkX5COs63 = J dt(l - t 2 ) 



2\gife x&t 



d 2 I(kx 5 ) 
d{kx§) 2 



- J dl l-< 

-1 



2 ik x$t 



Knowing the integral 



that results in 



I(kx§) = J dte 
-1 

one readily estimates 



\kxr t = 2sin(fca; 5 ) 
k x§ 



dt{\ - r)e 



2 \ ik x$t 



4sin(fca;5) 4cos(fca;5) 
{kx 5 ) 3 (kx 5 ) 2 



So, the modified potential takes the form 
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V(r) = 



Vol (S 4 ) Vol (S 3 ) 



-3/4 



(2tt) 5 

4sin(fcr) 4cos(fcr) 



dk 



(k 2 - 6/3fc 10 / 3 + 15/3 2 fc 14 / 3 - 20/3 3 fc 6 + 15/3 4 fc 22 / 3 - 6/3 5 fc 26 / 3 + /3 6 fc 10 ) 



(fcr) 3 (fcr) 2 
sin(fcf) cos(fcf) 



4Vol (S 4 ) Vol (S 3 ) 
(2tt) 5 ^ 9 / 4 



(P _ g^lO/3 + 15 p4/3 _ 2Q p + 15 p 2 /3 _ gpe/3 + pO^J 



(fcf) 3 (fcf) 



where the dimensionless quantities k, r arc defined as k = kf3 3 / 4 , r = f/3 3 / 4 . The behavior of this potential for 
distances r <C /3 3 / 4 can be obtained by using the asymptotic expression 



sin(x) cos(x) 1 



3 5-3! 7-5! 9-7! 



that gives 



V [r < 



4Vol (S* 4 ) Vol (S* 3 ) 
(2tt) 5 /3 9 / 4 



0.00295112 + 0.0000393787 



£3/2 



3.0709 x 10" 7 — + 1.65633 x 10" 9 

(3 d 



£9/2 



(24) 



C. Vafa, arXiv: 0911.3008 [math-ph]. 

J. Polchinski, eConf C 980803 1, 08 (1998) [Int. J. Mod. 

Phys. A 14, 2633 (1999)] [hep-th/9812Tu4| . 

Z. K. Silagadze, Acta Phys. Polon. B 32, 99 (2001) 

[hep-ph/0 002255 . 

N. Arkani-Hamed, S. Dimopoulos and G. R. Dvali, Phys. 
Lett. B 429, 263 (1998) [arXiv: |hep-ph/9803315] . 
N. Arkani-Hamed, S. Dimopoulos and G. R. Dvali, Phys. 
Rev. D 59, 086004 (1999) [ar Xiv: |hep-ph/9807344| . 
E. Witten, arXiv: |hep-th/0212247| 

I. Antoniadis, N. Arkani-Hamed, S. Dimopoulos and 
G. R. Dvali, P hys. Lett. B 436, 257 (1998) [arXiv: 
hep-ph/9804398 . 

G. Veneziano, Europhys. Lett. 2, 199 (1986). 

G. Veneziano, Conf. Proc. C 8903131, 86 (1989). 

E. Witten, Physics Today, (April 1996) (can be down- 
loaded from: http://www.sns.ias.edu/~witten/). 
M. Maggiore, 
hep-th/9301067 

F. Scardigli, 
[hep-th/9904025] 
C. A. Mead, Phys. 
C. A. Mead, Phys. 
L. J. Garay, Int. 



Phys. Lett. B 304, 65 (1993) 
Phys. Lett. B 452, 39 (1999) 



Rev. 135, B849 (1964). 
Rev. 143, 990 (1966). 
J. Mod. Phys. A 10, 145 (1995) 
gr-qc/9403008 . 

S. B. Giddings and S. D. Thomas, P hys. Rev. D 65, 

056010 (2002) [arXiv: |hep-ph/0106219] . 

G. Dvali and C. Gomez, arXiv: 1005.3497 [hep-th]. 



[18 
[19 

[20 

[21 

[22 

[23 

[24 
[25 

[26 

[27 

[28 
[29 
[30 
[31 



F. R. Tangherlini, Nuovo Cim. 27, 636 (1963). 

R. C. Myers and M. J. Perry, Annals Phys. 172, 304 

(1986). 

F. Scardigli and R. Casadio, Class. Quant. Grav. 20, 3915 
(2003) [arXiv: hep-th/0307i"74] . 

A. Ke mpf and G. Manga no, Phys. Rev. D 55, 7909 (1997) 
[arXiv: |hep-th/9612084| . 

S. Hossenfelder, M. Bleicher, S. Hofmann, J. Ruppert, 
S. Scherer, H. St oecker, Phys. Lett. B575, 85-99 (2003). 
[hep-th/0305262] . 

S. HossenfeldCT, Phys. Rev. D75, 105005 (2007). 

[hep-th/0702"uT6] 

P. K. Townsend, |gr-qc/9707012| 

G. C. Nayak, Phys. Part. Nucl. Lett. 8, 337 (2011) [arXiv: 
0901.3358 [hep-ph]]. 

S. B. Gid dings, Phys. Rev. D 46, 1347 (1992) 
[hep-th/92 03059 . 

L. D. Landau and E. M. Lifshitz, "Quantum Mechanics: 

Non-Relativistic Theory" (Landau and Lifshitz Course of 

Theoretical Physics - Vol. Ill; Butterworth-Heinemann, 

1991), §38 - Perturbations independent of time. 

C. Bambi and F. R. Urban, Class. Quant. Grav. 25, 

095006 (2008) [arXiv: 0709.1965 [gr-qc]]. 

M. S. Berger and M. Maziashvili, Phys. Rev. D 84, 

044043 (2011) [arXiv: 1010.2873 [gr-qc]]. 

M. Maziashvili, Phys. Rev. D 85, 125026 (2012) [arXiv: 

1104.4187 [gr-qc]]. 

L. D. Faddeev and V. N. Popov, Sov. Phys. Usp. 16, 777 



8 



(1974) [Usp. Fiz. Nauk 111, 427 (1973)]. 

I. B. Khriplovich and G. G. Kirilin, J. Exp. Theor. Phys. 

95, 981 (2002) [Zh. Eksp. Teor. Fiz. 95, 1139 (2002)] 

[gr-qc/0207118] . 

I. B. Khriplovich and G. G. Kirilin. eConf C 0306234. 
1361 (2003) [J. Exp. Theor. Phys. 98, 1063 (2004)] [Zh. 
Eksp. Teor. Fiz. 125, 1219 (2004)] [gr-qc/0 402018 . 
G. G. Kirilin, Phys. Rev. D 75, 108501 (2007) 



Class. Quant. Grav. 23, 2585 (2006) 



gr-qc/0601020 



N. E. JBjerrum-Bohr, J. F. Donoghue and B. R. Holstein, 
Phys. Rev. D 67, 084033 (2003) [Erratum-ibid. D 71, 
069903 (2005)] [hep-th/02 11072] . 

N. E. J. Bjerrum-Bohr, J. F. Donoghue and B. R. Hol- 
stein, Phys. Rev. D 68, 084005 (2003) [Erratum-ibid. D 
71, 069904 (2005)] [hep- th/021 1071] . 
C. P. Burgess, Living Rev. Rel. 7, 5 (2004) 
[gr-qc/0311082] . 

M. Maziashvili, arXiv: 1110.0649 [gr-qc]. 

P. Nicolini, A. Smailagic and E. Spallucci, Phys. Lett. B 

632, 547 (2006) [arXiv: |gr-qc/0510112] . 

S. Ansoldi, arXiv: 0802.0330 [gr-qc] . 

E. Spallucci and S. Ansoldi, Phys. Lett. B 701, 471 

(2011) [arXiv: 1101.2760 [hep-th]]. 

R. J. Adler, P. Chen and D. I. Santiago, Gen. Rel. Grav. 
33, 2101 (2001) [gr-qc/0106080] . 

M. Cavaglia, S. Das and R. Maartens, Class. Quant. 

Grav. 20, L205 (2003) hep-ph/0305223; . 

G. Amelino-Camelia, M. Arzano, Y. Ling and 



[45 
[46 
[47 
[48 
[49 

[50 

[51 
[52 
[53 

[54 

[55; 

[56 

[57 

[58 



Lett. B 598, 92 (2004) 



5917 (2007) 
0706.2749 [gr- 



G. Mandanici, 
[gr-qc/0506lT0] . 
B. Bol en and M. Cav aglia, Gen. Rel. Grav. 37, 1255 
(2005) [gr-qc/0411086] . 

M. Cavaglia and S. Das, Class. Quant. Grav. 21, 4511 
(2004) hep-th/0404050 . 
S. Hossenfelder, Phys 
hep-th/0404232 . 
B. Koch, M Bleicher and S. Hossenfelder, JHEP 0510, 
053 (2005) [hep-ph/0507138] . 
K. Nouicer, Class. Quant. Grav. 24 
[Erratum-ibid. 24, 6435 (2007)] [arXiv: 
qc]]. 

L. Xiang and X. Q. Wen, JHEP 0910, 046 (2009) [arXiv: 
0901.0603 [gr-qc]]. 

M. M. Stetsko, arXiv: 1205.3680 [gr-qc]. 
K. Nozari and P. Shahini, arXiv: 1206.5624 [hep-th]. 
S. Hossenf elder, Czech. J. Phys. 55, B809 (2005) 
[hep-ph/0 409350 . 

S. HossenfelderT Mod. Phys. Lett. A 19, 2727 (2004) 
[hep-ph/0410122] 
G. Bhattacharyya, P. Mathews, 
Phys. Lett. B 603, 46 (2004) 
G. Bhattacharyya, K. Rao and K. 
C 47, 839 (2006) [hep-ph/05 12050 
K. Mimasu and S. Moretti, arXiv: 
K. Mimasu and S. Moretti, arXiv: 



K. Rao and K. Sridhar, 
[hep-ph/0 408295 . 

Sridhar, Eur. Phys. J. 

1108.3280 [hep-ph]. 
1201.4265 [hep-ph]. 



